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Fig. 1. Our differentiable volume rendering approach computes scattering and transmittance gradients jointly, achieving higher-quality reconstructions with
lower variance. Left: a relighting scene comparing reconstructions from DRT and our method against the reference. Right: per-method detail panels for the
same scene; each panel is split diagonally into (a) the rendered result and (b) the per-pixel error map against the reference.

Differentiable volume rendering enables gradient-based optimization of vol-
umetric scenes, but unbiased estimators suffer from high gradient variance.
We observe that the extinction gradients split into two components on struc-
turally different integration domains: a scattering term evaluated at a single
path vertex, and a transmittance term integrated along the ray segment.
Because the domains are mismatched, existing estimators sample the two
components at different locations, leaving the negative correlation between
their opposite-signed contributions unexploited. We expose this overlooked
correlation and exploit it through a principle we call sample matching: eval-
uate both components at shared sample locations. To enable this, we derive
the first reformulation of the differential path integral that couples the two
contributions within a single integrand, yielding an unbiased Monte Carlo
estimator that ties them together by construction. For efficiency, the estima-
tor reuses partially sampled light paths and amortizes in-scattering cost by
evaluating gradients at multiple probe points per segment. On voxel-grid
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reconstruction, our estimator reduces gradient variance by up to 80% over
differential ratio tracking (DRT), yielding faster convergence and higher
reconstruction quality.

CCS Concepts: • Computing methodologies→ Ray tracing.

Additional Key Words and Phrases: Volume Rendering, Differentiable Ren-
dering, Inverse Rendering, Variance Reduction

1 Introduction
Volume inverse rendering has emerged as a powerful paradigm for
reconstructing complex 3D scenes from images, with applications
spanning graphics production and scientific imaging—from 3D asset
generation [Leonard et al. 2025] and holographic manufacturing
[Nicolet et al. 2024] to appearance-accurate 3D printing [Iser et al.
2025], plasma reconstruction [Öztürk et al. 2025], and turbid liquid
characterization [Yamakoshi et al. 2025]. Unlike simplified volu-
metric representations such as NeRF [Mildenhall et al. 2021] or 3D
Gaussians [Kerbl et al. 2023], which approximate light transport us-
ing a zero-bounce emissive field, methods based on the full radiative
transfer theory (RTT) [Chandrasekhar 1960; Kajiya and Von Herzen



2 • Yu, Wang, Ling, Xu, and Zhao

1984; Rushmeier and Torrance 1987] recover intrinsic material prop-
erties such as extinction and albedo coefficients, enabling faithful
relighting and physically meaningful reconstruction of complex
heterogeneous media.

Yet inverse rendering under the full radiative transfer theory
remains challenging. Differentiable volume renderers estimate gra-
dients via Monte Carlo sampling. Despite sustained progress, from
free-flight sampling [Zhang et al. 2019] to differential ratio tracking
(DRT) [Nimier-David et al. 2022], path-space formulations [Zhang
et al. 2021b], and efficient gradient backpropagation through long
differentiable path graphs [Nimier-David et al. 2020; Vicini et al.
2021], all existing unbiased extinction-gradient estimators exhibit
variance high enough to slow convergence and degrade reconstruc-
tion quality. Reducing this variance without sacrificing unbiasedness
is therefore the central challenge.

The difficulty traces to the structure of the radiative transfer
formulation itself. Extinction appears both explicitly, as a local at-
tenuation term, and implicitly through transmittance. Differentiat-
ing therefore decomposes the gradient into two components with
structurally different integration domains: a scattering component
evaluated at a single path vertex, and a transmittance component
integrated over the segment interior. The two correspond to com-
peting physical effects—raising extinction at a point enhances in-
scattering there while attenuating radiance transmitted through
it—and, crucially, they enter the gradient with opposite signs. This
opposite-sign structure invites negative correlation, yet all exist-
ing estimators leave it unexploited: free-flight sampling [Zhang
et al. 2019] places the two components at geometrically distinct
sample locations, while differential ratio tracking (DRT) [Nimier-
David et al. 2022] draws independent samples for each—forcing zero
cross-covariance.

In this work, we expose this overlooked negative correlation
and exploit it through a principle we call sample matching: evalu-
ate the scattering and transmittance components at shared sample
locations. To enable this, we derive the first reformulation of the
differential path integral that couples the two contributions within
a single integrand, yielding an unbiased estimator that ties them
together by construction. The resulting negative covariance sub-
stantially reduces extinction-gradient variance without sacrificing
unbiasedness.

Concretely, this paper makes the following contributions:

• We identify a negative correlation structure inherent to ex-
tinction gradients and introduce a path-space reformula-
tion that exposes it (Section 4). To our knowledge, this is
the first systematic exploitation of this correlation.

• Building on this formulation, we derive an unbiasedMonte
Carlo estimator for extinction gradients (Section 5). For
efficiency, the estimator reuses partially sampled light paths
and amortizes overhead by evaluating gradients at multiple
probe points per segment.

We demonstrate the effectiveness of our approach against state-
of-the-art baselines in Figure 5, Figure 6, and Figure 9, with ablation
studies in Figure 7 and Figure 10.

2 Related Work

2.1 Differentiable Volume Rendering
Differentiating the path integral enables gradient-based optimiza-
tion of volumetric media. Zhang et al. [2019] derive a differential
theory of radiative transfer under free-flight sampling, in which the
explicit extinction term cancels in the resulting gradient estimator.
Differential ratio tracking (DRT) [Nimier-David et al. 2022] retains
this term and reduces its variance by drawing scattering samples
from a transmittance-proportional distribution via ratio tracking.
Path-space differentiable rendering [Zhang et al. 2020; Zhao et al.
2020] was extended to participating media by Zhang et al. [2021b],
which unifies interfacial and volumetric light transport in a single
generalized differential path integral and thereby handles scenes that
mix surfaces and participating media. Reconstruction of translucent
objects [Deng et al. 2022] further enables differentiable rendering for
subsurface-scattering media, and differential diffusion theory [Cen
et al. 2023] provides a complementary formulation for dense media.
Our work continues this lineage: we identify a negative-correlation
structure in the extinction-gradient decomposition that all existing
estimators fail to exploit, and reformulate the differential path inte-
gral to expose it; we implement the resulting estimator in the PRB
form [Vicini et al. 2021] shared by DRT and other Mitsuba 3 [Jakob
et al. 2022] integrators.

2.2 Variance Reduction in Differentiable Rendering
Zeltner et al. [2021] showed that estimators designed for the deriva-
tive integrand outperform naive reuse of primal samplers, motivat-
ing derivative-tailored sampling in the differentiable setting; this line
has been refined primarily for surface material-parameter deriva-
tives [Belhe et al. 2024; Fan et al. 2024]. Our reformulation extends
it to differentiable volume rendering: expressing the extinction-
gradient integrand as a single coupled integral opens up a new
design space for derivative-specific importance sampling in the
volumetric setting. A complementary family treats the gradient es-
timator as a black box and applies variance reduction at an outer
level—recursive control variates [Nicolet et al. 2023], variance-aware
optimization [Yan et al. 2024], differentiable regularization [Wu et al.
2024], and image-space adaptive batching [Yan et al. 2025]; these
are orthogonal to our estimator-level reformulation.

A second complementary line exploits correlation between sam-
ples. Closest in spirit is antithetic sampling for differentiable render-
ing [Zhang et al. 2021a], which pairs samples to reduce the variance
of scalar derivatives with respect to scene geometry; there, both
paired samples live on the same integral measure and no positional
mismatch arises. A broader family targets scalar radiometric quan-
tities or their finite-difference gradients by constructing positively
correlated sample pairs: shift mappings in gradient-domain render-
ing [Kettunen et al. 2015; Lehtinen et al. 2013], random-replay and
primary-sample-space techniques [Kelemen et al. 2002; Vicini et al.
2021], and reservoir-based resampling in forward [Lin et al. 2021]
and differentiable rendering [Wang et al. 2023]. Our setting differs in
two structural ways. First, the scattering and transmittance gradient
components are integrated over different domains (segment end-
points vs. segment interiors), so the negative correlation between
them is not accessible by direct sample pairing—aligning positions
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across these mismatched integrals is precisely what sample match-
ing does. Second, the target is a high-dimensional gradient vector
rather than a scalar, so the scalar-variance analyses underlying the
above techniques do not directly apply.

2.3 Volumetric Path Construction
Heterogeneous volumes are typically traversed by delta tracking
[Butcher and Messel 1958; Woodcock et al. 1965] via null collisions,
as in DRT. Spectral and decomposition tracking [Kutz et al. 2017]
reduce per-sample cost for chromatic media; the null-scattering
path integral [Miller et al. 2019], building on path-space exten-
sions [Hachisuka et al. 2017, 2012], makes null-collision PDFs ex-
plicit and enables MIS across distance, equiangular, and next-event
estimation (NEE) strategies in spatially and spectrally varying me-
dia. Progressive null-tracking [Misso et al. 2023] extends this family
to procedural media with unknown majorants. A comprehensive
survey of Monte Carlo techniques for volumes is provided by Novák
et al. [2018]. Our reformulation is derived in path space and com-
poses directly with any of the above path-construction strategies.

2.4 Transmittance Estimators
When paths are pre-sampled under a different distribution, as in
bidirectional and reservoir-based path construction [Lafortune and
Willems 1996; Lin et al. 2021], the transmittance along each segment
must be estimated independently. Analog estimators (e.g., score-
based delta tracking) and non-analog estimators (ratio and residual-
ratio tracking [Novák et al. 2014]) were unified under the integral
analysis of Georgiev et al. [2019], which also covers power-series
variants [Coleman 1968; Cramer 1978]. Recent additions include
unbiased ray marching [Kettunen et al. 2021] and biased Jackknife
estimation [Peters 2025]. These non-analog estimators are related to
the family of track-length estimators in forward rendering, which
originates in photon beams [Jarosz et al. 2011a,b, 2008] and were
unified by Křivánek et al. [2014]. Our per-segment multi-probe
estimator (Section 5.3) shares the “spread along a track” spirit with
track-length estimators: we distribute Λ probes along each segment
and amortize a single recursive indirect-radiance trace across them.
However, in a differentiable setting, our estimator targets a high-
dimensional gradient vector while track-length estimators usually
target a scalar radiometric quantity.

3 Preliminaries
Note to the reader. For generality, we develop the formulation di-
rectly in the path-space language [Veach 1997; Zhang et al. 2021b].
Readers who prefer to first see the same derivation and the same
observation expressed in the more familiar RTE language may find
the supplementary material a useful entry point—it gives an RTE-
centric tour of sample matching that can be read in lieu of, or before,
this section.

Before introducing our technique in Section 4 and Section 5, we
briefly revisit the mathematical and algorithmic preliminaries it
builds upon. Section 3.1 formulates volumetric light transport using
generalized path integrals, Section 3.2 differentiates this formulation
with respect to material optical properties, and Section 3.3 reviews

Monte Carlo methods for estimating both quantities. Throughout,
we follow the notation summarized in Table 1.

3.1 Volumetric Light Transport
Volumetric light transport concerns the interaction between light
and microscopic particles distributed throughout space. In hetero-
geneous non-emissive media, these interactions are governed by
a spatially varying extinction coefficient 𝜎𝑡 , single-scattering
albedo 𝛼 , and phase function 𝜌 . We adopt the path-integral for-
mulation of Veach [1997], which provides a unified framework for
path tracing and underpins the derivations throughout this work.

Specifically, a radiometric sensor measurement can be expressed
as a generalized path integral [Pauly et al. 2000]

𝐼 =

∫
𝛀

𝑓 (x̄) dx̄, (1)

where x̄ = (𝒙0, 𝒙1, . . . , 𝒙𝐾 ) ∈ 𝛀 is a light-transport path with 𝐾 ≥
1 segments and 𝐾 + 1 vertices. The endpoints 𝒙0 and 𝒙𝐾 lie on
the sensor and a light source, respectively,1 and the intermediate
vertices 𝒙1, . . . , 𝒙𝐾−1 correspond to scattering events inside the
medium volume V ⊂ R3.

We assume no surface interactions inside the volume, so only 𝒙0
and 𝒙𝐾 are surface vertices and the rest are volumetric. Thus,

dx̄ = d𝐴(𝒙0) ©­«
𝐾−1∏
𝑗=1

d𝑉 (𝒙 𝑗 )ª®¬ d𝐴(𝒙𝐾 ), (2)

where 𝑉 and 𝐴 denote the volume and area measures, respectively.
The integrand 𝑓 is the measurement contribution function

defined as

𝑓 (x̄) = ©­«
𝐾∏
𝑗=0

𝑣 𝑗 (x̄)ª®¬ ©­«
𝐾∏
𝑗=1

𝑠 𝑗 (x̄)ª®¬ . (3)

Here, each vertex factor 𝑣 𝑗 is given by

𝑣 𝑗 (x̄) B


𝑊e (𝒙0 →𝒙1) ( 𝑗 = 0),
𝜎𝑡 (𝒙 𝑗 ) 𝜌 (𝒙 𝑗+1 →𝒙 𝑗 →𝒙 𝑗−1) (0 < 𝑗 < 𝐾),
𝐿e (𝒙𝐾 →𝒙𝐾−1) ( 𝑗 = 𝐾),

(4)

where 𝐿e and𝑊e denote the emitted radiance and the sensor impor-
tance, respectively, and

𝜌 (𝒙 𝑗+1 →𝒙 𝑗 →𝒙 𝑗−1) B 𝛼 (𝒙 𝑗 ) 𝜌 (𝒙 𝑗+1 →𝒙 𝑗 →𝒙 𝑗−1), (5)

is the scaled phase function. Each segment factor 𝑠 𝑗 is given by

𝑠 𝑗 (x̄) B 𝐺 (𝒙 𝑗−1↔𝒙 𝑗 )𝑇 (𝒙 𝑗−1↔𝒙 𝑗 ), (6)

where 𝐺 is the visibility-aware geometric term: for any two ver-
tices 𝒙 and 𝒚,

𝐺 (𝒙↔𝒚) B V(𝒙↔𝒚)𝐷 (𝒙→𝒚) 𝐷 (𝒚→𝒙)
∥𝒚 − 𝒙 ∥2 , (7)

V is the mutual visibility function, and

𝐷 (𝒙→𝒚) B
{��𝒏(𝒙) · −→𝒙𝒚�� , (𝒙 is a surface vertex),

1, (otherwise),
(8)

1Conventional path-integral formulations place 𝒙0 on the light source and 𝒙𝐾 on the
sensor. We flip the indexing to better fit unidirectional-path-tracing estimators.
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with 𝒏(𝒙) denoting the surface normal at 𝒙 and −→𝒙𝒚 the unit direction
from 𝒙 to𝒚. For the volume-only scenes considered in this work, the
visibility reduces to V ≡ 1; we therefore omit V from all subsequent
equations. Lastly, 𝑇 is the transmittance given by

𝑇 (𝒙 𝑗−1↔𝒙 𝑗 ) B exp
(
−

∫
𝒙 𝑗−1𝒙 𝑗

𝜎𝑡 (𝒙) d𝒙
)
, (9)

with 𝒙 𝑗−1 𝒙 𝑗 denoting the line segment between 𝒙 𝑗−1 and 𝒙 𝑗 .

3.2 Differential Volumetric Light Transport
We focus on differentiating the path integral in Equation 1 with
respect to parameters 𝜽 ∈ R𝑚 that control2 the spatially varying ex-
tinction coefficient 𝜎𝑡 . In this setting, both 𝛀 and 𝜇 are independent
of 𝜽 , so the derivative can be taken inside the path integral:

𝜕𝜽 𝐼 B
𝜕𝐼

𝜕𝜽
=

∫
𝛀

𝜕𝜽 𝑓 (x̄) dx̄, (10)

where 𝑓 is defined in Equation 3. Applying the product rule to 𝑓 and
grouping terms by whether the derivative falls on a vertex factor 𝑣 𝑗
or a segment factor 𝑠 𝑗 yields

𝜕𝜽 𝑓 (x̄) =
𝐾−1∑︁
𝑗=1

𝜕𝜽 𝑣 𝑗 (x̄) 𝑠 𝑗 (x̄) 𝑓\𝑗 (x̄)︸                          ︷︷                          ︸
scattering

+
𝐾∑︁
𝑗=1

𝑣 𝑗 (x̄) 𝜕𝜽 𝑠 𝑗 (x̄) 𝑓\𝑗 (x̄)︸                         ︷︷                         ︸
transmittance

,

(11)
where

𝑓\𝑗 (x̄) B
©­«

∏
𝑘∈{0,1,...,𝐾 }\{ 𝑗 }

𝑣𝑘 (x̄)
ª®¬ ©­«

∏
𝑘∈{1,2,...,𝐾 }\{ 𝑗 }

𝑠𝑘 (x̄)
ª®¬ (12)

captures the measurement contributions from the remaining vertices
and segments.

The scattering component of Equation 11 collects derivatives of
𝜎𝑡 evaluated at the interior vertices (via 𝑣 𝑗 ), while the transmit-
tance component collects derivatives of 𝜎𝑡 accumulated along each
segment (via 𝑠 𝑗 ). The scattering sum runs only from 𝑗 = 1 to
𝐾 − 1 because 𝐿e and𝑊e are assumed to be independent of 𝜽 , so
𝜕𝜽 𝑣0 (x̄) = 𝜕𝜽 𝑣𝐾 (x̄) = 0.

3.3 Monte Carlo Methods for Volumetric Light Transport
Monte Carlo estimation of Equation 1 and Equation 10 requires
drawing light-transport paths x̄ stochastically from the path space
𝛀. A widely adopted technique is volumetric path tracing (VPT),
which builds a path starting from the sensor vertex 𝒙0 and appends
the remaining vertices 𝒙1, 𝒙2, . . . one at a time.

Given the previous vertex 𝒙 𝑗−1, VPT obtains the next vertex 𝒙 𝑗
by first sampling a direction 𝝎 𝑗 ∈ S2 (typically based on the phase
function 𝜌 at 𝒙 𝑗−1) and then a free-flight distance 𝑡 𝑗 ∈ R>0, and
setting 𝒙 𝑗 = 𝒙 𝑗−1 + 𝑡 𝑗 𝝎 𝑗 .

To estimate Equation 1, the free-flight distance 𝑡 𝑗 is ideally drawn
from an exponential distribution with probability density function
(PDF)

𝑝 (𝑡 𝑗 ) = 𝜎𝑡 (𝒙 𝑗 )𝑇 (𝒙 𝑗−1 ↔ 𝒙 𝑗 ). (13)
2We make no assumptions on the exact parameterization of 𝜽 . Concrete examples
include per-voxel values of a 3D grid and the weights of a multi-layer perceptron
(MLP).

Table 1. Summary of the main symbols used in this paper.

Symbol Definition Ref.

Volume properties

V Medium volume §3.1
𝜎𝑡 Extinction coefficient §3.1
𝜌 Scaled phase function (𝛼 𝜌) (5)
𝑇 Transmittance (9)

Path spaces

𝛀 Path space (1)
𝛀𝐾 Subspace of paths with exactly 𝐾 segments (14)
𝛀

pre Prefix path space (sensor-rooted) (16)
𝛀

suf Suffix path space (light-rooted) (17)

Path contributions

𝑓 Measurement contribution (3)
𝑣𝑗 Vertex factor at 𝒙 𝑗 (4)
𝑠 𝑗 Segment factor for 𝒙 𝑗−1 𝒙 𝑗 (6)
𝑓\𝑗 𝑓 with the 𝑗-th vertex/segment factors removed (12)
𝑓 ins
𝑗

Alternate measurement contribution (internal) (24)
𝑓 out Alternate measurement contribution (light) (29)
𝐼ins In-scattered light from 𝒙𝐾 toward 𝒙𝐾−1 (31)
E 𝑗 Per-segment joint integrand (25)
ȳ Path with 𝑗-th vertex replaced by probe 𝒚 §4.1

In homogeneous media, this is done via the inversion method. In
heterogeneous media, delta tracking [Butcher and Messel 1958;
Woodcock et al. 1965] is typically used to obtain unbiased distance
samples.

To estimate Equation 10, many prior methods reuse the primal
PDF in Equation 13. This has two problems. First, the scattering
gradient is biased: wherever 𝜎𝑡 = 0 the sampling PDF vanishes but
𝜕𝜽 𝑣 𝑗 in Equation 11 can stay nonzero [Zhang et al. 2019], so empty
regions are missed. Second, the scattering term evaluates 𝜕𝜽𝜎𝑡 at the
vertices while the transmittance term evaluates it at points between
adjacent vertices. Both probe the same underlying extinction field
along the same ray, yet do so at uncorrelated points, leaving any
statistical coupling between them unexploited.

Nimier-David et al. [2022] eliminate the bias of the scattering
gradient by drawing the scattering vertex from a PDF proportional
to the transmittance 𝑇 (𝒙 𝑗−1↔𝒙 𝑗 ) via ratio tracking, an approach
known as differential ratio tracking (DRT). The transmittance com-
ponent, however, is still estimated independently. Our method is the
first to close this gap, jointly estimating both gradient components
at shared sample positions (Figure 2).

4 Our Formulation
Note to the reader. The same reformulation, presented in classical
RTE language and along a single ray segment, is given in the sup-
plementary material; readers more comfortable with RTE intuition
than with path-space measure theory may prefer that route.
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(a) Free-flight

𝒙 𝑗−1 𝒙 𝑗 (free-flight)

trans. (𝜕𝜽𝜎𝑡 )
scat. (𝜕𝜽𝜎𝑡 )

(b) DRT

light

𝒙 𝑗−1 𝒙 𝑗 𝒙⊥
𝑗

trans. (𝜕𝜽𝜎𝑡 )

scat. (𝜕𝜽𝜎𝑡 )

(c) Ours (sample matching)

𝒙 𝑗−1 𝒙 𝑗
𝒚 (scat & trans)

Fig. 2. Differentiation strategies on a host segment 𝒙 𝑗−1 𝒙 𝑗 . Colored dots mark where 𝜕𝜽𝜎𝑡 is evaluated — blue for the scattering term, rose for the
transmittance term — and the colored arrows are the in-scattering sub-paths whose radiance multiplies 𝜕𝜽𝜎𝑡 . (a) Free-flight: a single primal path is drawn
with a two-color arrow that feeds the transmittance derivative and the scattering derivative simultaneously, but 𝜕𝜽𝜎𝑡 is evaluated at different positions (𝒙 𝑗
versus a sample on the segment). (b) DRT [Nimier-David et al. 2022]: the two terms use independent sub-paths drawn from different positions; the scattering
sample is drawn from 𝒙 𝑗−1 𝒙⊥

𝑗
. (c) Ours: a single matched probe 𝒚 on the segment carries both terms, so 𝜕𝜽𝜎𝑡 is evaluated at the same position for both.

We now reformulate the differential path integral in Equation 10
so that the derivatives arising from the scattering and transmittance
components become aligned.

To begin, we decompose the path space 𝛀 into disjoint subspaces
of paths with fixed lengths via 𝛀 B ∪𝐾≥1𝛀𝐾 , where 𝛀𝐾 denotes
the space of paths with exactly𝐾 segments. This allows us to rewrite
Equation 10 as an infinite sum of integrals:

𝜕𝜽 𝐼 =

∞∑︁
𝐾=1

𝐾∑︁
𝑗=1

(𝜕𝜽 𝐼 )𝐾,𝑗 , (14)

where

(𝜕𝜽 𝐼 )𝐾,𝑗 B
∫
𝛀𝐾

(
𝜕𝜽 𝑣 𝑗 (x̄) 𝑠 𝑗 (x̄) + 𝑣 𝑗 (x̄) 𝜕𝜽 𝑠 𝑗 (x̄)

)
𝑓\𝑗 (x̄) dx̄ (15)

captures the contribution from the segment 𝒙 𝑗−1 𝒙 𝑗 (via 𝜕𝜽 𝑣 𝑗 and
𝜕𝜽 𝑠 𝑗 ).

In what follows, we first reformulate the per-segment terms
(𝜕𝜽 𝐼 )𝐾,𝑗 from Equation 15 in Section 4.1, then combine the results
to obtain the final formulation (Equation 30) in Section 4.2.

Prefix and suffix path spaces. To facilitate the derivations, we
define the prefix path space as

𝛀
pre B ∪∞

𝐾=1𝛀
pre
𝐾
, (16)

where 𝛀pre
𝐾

consists of “prefix” light paths (𝒙pre
0 , 𝒙

pre
1 , . . . , 𝒙

pre
𝐾

) with
𝐾 segments (and 𝐾 +1 vertices) such that 𝒙pre

0 lies on the sensor and
the remaining vertices correspond to volumetric scattering events.

Similarly, we define the suffix path space

𝛀
suf B ∪∞

𝐾=0𝛀
suf
𝐾
, (17)

where 𝛀suf
𝐾

consists of “suffix” light paths (𝒙suf
0 , 𝒙suf

1 , . . . , 𝒙suf
𝐾

) such
that 𝒙suf

𝐾
lies on a light source and the remaining vertices correspond

to volumetric scattering events.

4.1 Per-Segment Gradients
We now reformulate the per-segment contributions (𝜕𝜽 𝐼 )𝐾,𝑗 from
Equation 15. To this end, we consider two complementary cases: (i)
when 𝒙 𝑗−1 𝒙 𝑗 is an internal segment (i.e., 0 < 𝑗 < 𝐾 ); and (ii) when
𝒙 𝑗−1 𝒙 𝑗 is a light segment (i.e., 𝑗 = 𝐾 ).

Internal segments. When 0 < 𝑗 < 𝐾 , we parameterize the volu-
metric vertex as 𝒙 𝑗 = 𝒙 𝑗−1 + 𝑡 𝝎, where 𝝎 ∈ S2 is the scattering
direction and 𝑡 ∈ (0, 𝑡max) is the free-flight distance, with 𝑡max be-
ing the minimum distance from 𝒙 𝑗−1 to a surface along 𝝎. Since
d𝑉 (𝒙 𝑗 ) = 𝑡2 d𝑡 d𝝎 and 𝑠 𝑗 (x̄) = 𝑇 (𝒙 𝑗−1↔𝒙 𝑗 )/𝑡2, Equation 15 can be
rewritten as

(𝜕𝜽 𝐼 )𝐾,𝑗 =
∫
𝛀𝐾−1

∫
S2
𝑔(x̄\𝑗 ,𝝎) d𝝎 dx̄\𝑗 , (18)

where x̄\𝑗 denotes the path with the vertex 𝒙 𝑗 removed, and

𝑔(x̄\𝑗 ,𝝎) B
∫ 𝑡max

0

(
𝜕𝜽 𝑣 𝑗 (𝑡)𝑇 (𝑡) + 𝑣 𝑗 (𝑡) 𝜕𝜽𝑇 (𝑡)

)
𝑓\𝑗 (x̄) d𝑡 (19)

with 𝑣 𝑗 (𝑡) := 𝑣 𝑗 (x̄) and 𝑇 (𝑡) := 𝑇 (𝒙 𝑗−1↔𝒙 𝑗 ).
Differentiating the transmittance 𝑇 defined in Equation 9 gives

𝜕𝜽𝑇 (𝑡) = −
(∫ 𝑡

0
𝜕𝜽𝜎𝑡 (𝑠) d𝑠

)
𝑇 (𝑡). (20)

It follows that Equation 19 decomposes into a scattering and a
transmittance part:

𝑔(x̄\𝑗 ,𝝎) =
∫ 𝑡max

0
𝜕𝜽 𝑣 𝑗 (𝑡)𝑇 (𝑡) 𝑓\𝑗 (x̄) d𝑡︸                               ︷︷                               ︸

scattering

−
∫ 𝑡max

0

∫ 𝑡

0
𝑣 𝑗 (𝑡) 𝜕𝜽𝜎𝑡 (𝑠)𝑇 (𝑡) 𝑓\𝑗 (x̄) d𝑠 d𝑡︸                                                 ︷︷                                                 ︸

transmittance

. (21)

The two components on the right-hand side of Equation 21 evalu-
ate the derivative 𝜕𝜽𝜎𝑡 at different positions: the scattering term at
the segment endpoint 𝒙 𝑗 (through 𝜕𝜽 𝑣 𝑗 (𝑡)), and the transmittance
term at interior points with 𝑠 < 𝑡 (through 𝜕𝜽𝜎𝑡 (𝑠)). This misalign-
ment is present in all previous techniques [Nimier-David et al. 2022;
Zhang et al. 2019].
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We overcome this challenge by reformulating Equation 21 using
the definition of transmittance and Fubini’s theorem as follows:

𝑔(x̄\𝑗 ,𝝎) =∫ 𝑡max

0
𝑇 (𝑡)

∫ 𝑡

0

(
𝜕𝜽 𝑣 𝑗 (𝑠) 𝜎𝑡 (𝑡) 𝑓\𝑗 (ȳ) − 𝑣 𝑗 (𝑡) 𝜕𝜽𝜎𝑡 (𝑠) 𝑓\𝑗 (x̄)

)
d𝑠 d𝑡

+
∫ 𝑡max

0
𝑇 (𝑡max) 𝜕𝜽 𝑣 𝑗 (𝑡) 𝑓\𝑗 (x̄) d𝑡 . (22)

Please see Section A.1 for a detailed derivation.
Substituting Equation 22 into Equation 18 and changing the inte-

gration variables (𝝎, 𝑡) back to 𝒙 𝑗 yields

(𝜕𝜽 𝐼 )𝐾,𝑗 =
∫
𝛀𝐾

𝑠 𝑗 (x̄) E 𝑗 (x̄) dx̄ +
∫
𝛀𝐾

𝜕𝜽 𝑣 𝑗 (x̄) 𝑓 ins
𝑗 (x̄) dx̄, (23)

where
𝑓 ins
𝑗 (x̄) B 𝑇 (𝒙 𝑗 ↔ 𝒙⊥𝑗 ) 𝑠 𝑗 (x̄) 𝑓\𝑗 (x̄) (24)

with 𝒙⊥
𝑗

denoting the intersection between the medium’s boundary
and the ray from 𝒙 𝑗−1 through 𝒙 𝑗 .

Additionally,

E 𝑗 (x̄) B
∫
𝒙 𝑗−1 𝒙 𝑗

(
𝜕𝜽 𝑣 𝑗 (ȳ) 𝜎𝑡 (𝒙 𝑗 ) 𝑓\𝑗 (ȳ) − 𝑣 𝑗 (x̄) 𝜕𝜽𝜎𝑡 (𝒚) 𝑓\𝑗 (x̄)

)
d𝒚

=

∫
𝒙 𝑗−1 𝒙 𝑗

(
𝜌 (𝒙 𝑗+1 →𝒚→𝒙 𝑗−1) 𝑓\𝑗 (ȳ)

− 𝜌 (𝒙 𝑗+1 →𝒙 𝑗 →𝒙 𝑗−1) 𝑓\𝑗 (x̄)
)
𝜎𝑡 (𝒙 𝑗 ) 𝜕𝜽𝜎𝑡 (𝒚) d𝒚, (25)

is an integral over the line segment 𝒙 𝑗−1 𝒙 𝑗 . In this equation, the
light path ȳ is obtained by replacing the 𝑗-th vertex 𝒙 𝑗 of x̄ with 𝒚,
and 𝜌 denotes the scaled phase function defined in Equation 5.

The second equality in Equation 25 holds because

𝜕𝜽 𝑣 𝑗 (ȳ) = 𝜌 (𝒙 𝑗+1 →𝒚→𝒙 𝑗−1) 𝜕𝜽𝜎𝑡 (𝒚), (26)

which follows from the assumption that 𝜽 affects only the extinction
coefficient 𝜎𝑡 .

The first term on the right-hand side of Equation 23, as illustrated
in Figure 3, integrates the contribution difference between an or-
dinary light path x̄ and an altered version ȳ that differs from x̄ in
only one vertex. Crucially, this term evaluates 𝜕𝜽𝜎𝑡 at the same
point 𝒚 for both the scattering and transmittance contributions (via
Equation 25), achieving the desired alignment.

The second integral in Equation 23 will later be combined with
the reformulated (𝜕𝜽 𝐼 )𝐾,𝐾—presented next—to produce the final
derivative 𝜕𝜽 𝐼 in Section 4.2.

Light segments. We have derived the reformulated (𝜕𝜽 𝐼 )𝐾,𝑗 in
Equation 23 for all 0 < 𝑗 < 𝐾 . We now focus on the case 𝑗 = 𝐾 :

(𝜕𝜽 𝐼 )𝐾,𝐾 =

∫
𝛀𝐾

𝑣𝐾 (x̄) 𝜕𝜽 𝑠𝐾 (x̄) 𝑓\𝐾 (x̄) dx̄, (27)

where the 𝜕𝜽 𝑣𝐾 (x̄) 𝑠𝐾 (x̄) term vanishes because 𝜕𝜽 𝑣𝐾 (x̄) = 0.
As illustrated in Figure 4, by reparameterizing the light path

as a prefix path whose endpoint 𝒙𝐾 lies along the light segment,

𝒙 𝑗−1

𝒙 𝑗

𝒙 𝑗+1

𝒙 𝑗+2
𝒚

Altered chain ȳ: 𝒙 𝑗+1→𝒚→𝒙 𝑗−1
Original chain x̄: 𝒙 𝑗+1→𝒙 𝑗→𝒙 𝑗−1

Shared probe 𝜕𝜽𝜎𝑡 (𝒚 ) as 𝒚 slides along 𝒙 𝑗−1 𝒙 𝑗

Fig. 3. Geometric interpretation of the first term of Equation 23. A
four-vertex window of the host light path x̄ is shown traversing the volu-
metric medium. E 𝑗 (Equation 25) integrates the difference between the rose
chain (host, through 𝒙 𝑗 ) and the blue chain (altered ȳ, through a shared
gradient probe 𝒚).

Equation 27 can be rewritten as a path integral over the prefix path
space 𝛀

pre
𝐾

(defined in Equation 16):

(𝜕𝜽 𝐼 )𝐾,𝐾 = −
∫
𝛀

pre
𝐾

𝜕𝜽𝜎𝑡 (𝒙𝐾 ) 𝑓 out (x̄) dx̄, (28)

where
𝑓 out (x̄) B 𝐿e (𝒙⊥𝐾 →𝒙𝐾 )𝑇 (𝒙𝐾 ↔ 𝒙⊥𝐾 ) 𝑠𝐾 (x̄) 𝑓\𝐾 (x̄), (29)

is the measurement contribution 𝑓 (x̄) with the last vertex term
𝑣𝐾 (x̄) replaced by 𝐿e (𝒙⊥𝐾 →𝒙𝐾 )𝑇 (𝒙𝐾 ↔ 𝒙⊥

𝐾
).

Please refer to Section A.2 for a rigorous derivation.

4.2 Full Gradient
Substituting the reformulated contributions—Equation 23 for 0 <

𝑗 < 𝐾 and Equation 28 for 𝑗 = 𝐾—into Equation 14 yields our new
formulation of 𝜕𝜽 𝐼 (see Section A.3 for the full derivation):

𝜕𝜽 𝐼 =

∫
𝛀

pre
𝑠𝐾 (x̄)

∫
𝛀

suf
E𝐾 (x̄ + x̄suf ) dx̄suf dx̄︸                                               ︷︷                                               ︸

internal

+
∫
𝛀

pre
𝜕𝜽𝜎𝑡 (𝒙𝐾 )

(
𝐼ins (x̄) − 𝑓 out (x̄)

)
dx̄︸                                             ︷︷                                             ︸

light

, (30)

where E𝐾 is defined in Equation 25, and, for any prefix path x̄ =

(𝒙0, . . . , 𝒙𝐾 ),

𝐼ins (x̄) B
∫
𝛀

suf
𝜌 (𝒙suf

0 →𝒙𝐾 →𝒙𝐾−1) 𝑓 ins
𝐾

(x̄ + x̄suf ) dx̄suf (31)

captures the in-scattered light from 𝒙𝐾 toward 𝒙𝐾−1.
In Equation 30 and Equation 31, 𝛀pre and 𝛀

suf are the prefix
and suffix path spaces defined in Equation 16 and Equation 17,
respectively, and x̄+x̄suf denotes the path obtained by concatenating
the prefix x̄ with the suffix x̄suf .
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Area light

𝒙𝐾−1

𝒙𝐾

𝒙suf
0

𝒙⊥
𝐾

𝑇 (𝒙𝐾↔𝒙⊥
𝐾
)

Boundary leg (𝑓 out , negative): emission 𝐿e (𝒙⊥
𝐾
→𝒙𝐾 )

Traced sub-path (𝐼ins , positive): in-scattering toward 𝒙𝐾

Shared probe 𝜕𝜽𝜎𝑡 (𝒙𝐾 ) as 𝒙𝐾 slides along 𝒙𝐾−1 𝒙⊥
𝐾

Fig. 4. Geometric layout of the light component of Equation 30. The
light path is reparameterized so that its endpoint 𝒙𝐾 slides along the seg-
ment 𝒙𝐾−1 𝒙⊥

𝐾
, with 𝒙⊥

𝐾
residing on a light source surface (here drawn as an

area light, illustrating that the light is in general independent of the medium
boundary). At 𝒙𝐾 , the integrand is the difference between two contribu-
tions sharing the same 𝜕𝜽𝜎𝑡 probe: the in-scattering 𝐼ins (blue, positive) is
sampled by tracing a sub-path from 𝒙𝐾 , while the boundary emission 𝑓 out

(rose, negative) is delivered along the residual leg from 𝒙𝐾 to 𝒙⊥
𝐾
together

with the transmittance𝑇 (𝒙𝐾↔𝒙⊥
𝐾
) .

Discussion. Conceptually, our new formulation in Equation 30
captures two types of contribution differences. The internal compo-
nent, as illustrated in Figure 3 (with 𝑗 = 𝐾 ), integrates the difference
between the in-scatterings at𝒚 and 𝒙𝐾 toward 𝒙𝐾−1. The light com-
ponent, in turn, integrates the difference between the in-scattering
at 𝒙𝐾 and the emission at 𝒙⊥

𝐾
, both as observed from 𝒙𝐾−1.

5 Our Estimator
With our new formulation in Equation 14 established, we now intro-
duce Monte Carlo estimators for the derivative 𝜕𝜽 𝐼 . We first discuss
estimation of the internal component in Section 5.1, followed by the
light component in Section 5.2. Lastly, we provide implementation
details in Section 5.3.

5.1 Internal Component
To estimate the internal component of Equation 30, our method
begins by drawing a prefix light path x̄ = (𝒙0, . . . , 𝒙𝐾 ) using unidi-
rectional volumetric path tracing (VPT) with standard delta track-
ing [Woodcock et al. 1965], together with one extra probe point 𝒚
sampled uniformly over the segment 𝒙𝐾−1 𝒙𝐾 of x̄.

With the prefix path x̄ and probe 𝒚 drawn, we propose two ap-
proaches to estimate the inner integral over the suffix path space
𝛀

suf .

Single suffix path. Our first approach samples a single suffix path
x̄suf by continuing the already-sampled path x̄ via VPT. This pro-
duces a full path x̄ + x̄suf drawn with a PDF 𝑝 int

single that is approxi-
mately proportional to the measurement contribution 𝑓 (x̄ + x̄suf ),

leading to the segment estimator:(
𝜎𝑡 (𝒙𝐾 ) 𝜌 (𝒙suf

0 →𝒚→𝒙𝐾−1) 𝑠𝐾 (x̄) 𝑓\𝐾 (ȳ + x̄suf )

− 𝑓 (x̄ + x̄suf )
)
∥𝒙𝐾 − 𝒙𝐾−1∥

𝑝 int
single

𝜕𝜽𝜎𝑡 (𝒚), (32)

where 𝒙suf
0 denotes the first vertex of the suffix path x̄suf , and the

∥𝒙𝐾 − 𝒙𝐾−1∥ factor in the numerator is the inverse PDF of the
uniform sampling of 𝒚 on the segment.

Most numerator/denominator factors in Equation 32 cancel. The
exception is the next-segment factor: ȳ has 𝒚 in place of 𝒙𝐾 , so
𝒚 𝒙suf

0 replaces 𝒙𝐾 𝒙suf
0 . This requires evaluating the ratio between

segment factors:

𝑠𝐾+1 (ȳ + x̄suf )
𝑠𝐾+1 (x̄ + x̄suf )

=
𝐺 (𝒚↔𝒙suf

0 )
𝐺 (𝒙𝐾↔𝒙suf

0 )
𝑇 (𝒚↔𝒙suf

0 )
𝑇 (𝒙𝐾↔𝒙suf

0 )
. (33)

While the first ratio of geometric terms on the right-hand side
is easy to evaluate, the second ratio of transmittances requires spe-
cial treatment: dividing two independently estimated transmittance
values introduces bias. Instead, we collapse this ratio into a sin-
gle exponential by reparameterizing both segments with a shared
parameter 𝑢 ∈ [0, 1]:

𝑇 (𝒚↔𝒙suf
0 )

𝑇 (𝒙𝐾↔𝒙suf
0 )

= exp
(
−

∫ 1

0

[
∥𝒙suf

0 −𝒚∥ 𝜎𝑡 (𝒚 + 𝑢 (𝒙suf
0 −𝒚))

− ∥𝒙suf
0 − 𝒙𝐾 ∥ 𝜎𝑡 (𝒙𝐾 + 𝑢 (𝒙suf

0 − 𝒙𝐾 ))
]

d𝑢
)
, (34)

which is the exponential of a single integral over 𝑢 rather than a
quotient of two transmittances. A null-collision estimator applied to
Equation 34 with collision positions {𝑢𝑘 } shared between the two
media queries is unbiased, and its integrand vanishes pointwise as
𝒚→𝒙𝐾 , so the estimator’s variance scales as ∥𝒚 − 𝒙𝐾 ∥2.

Dual suffix paths. Alternatively, we propose a second approach
in which two independent suffix paths x̄suf1 and x̄suf2 are sampled
starting from 𝒚 and 𝒙𝐾 , respectively. In this way, all transmittance
terms cancel cleanly, avoiding the need to estimate the ratio in
Equation 33. And this yields a different estimator:(

𝜎𝑡 (𝒙𝐾 ) 𝜌 (𝒙suf
0 →𝒚→𝒙𝐾−1) 𝑠𝐾 (x̄) 𝑓\𝐾 (ȳ + x̄suf1)

𝑝 int
dual1

− 𝑓 (x̄ + x̄suf2)
𝑝 int

dual2

)
∥𝒙𝐾 − 𝒙𝐾−1∥ 𝜕𝜽𝜎𝑡 (𝒚), (35)

where 𝑝 int
dual1 and 𝑝 int

dual2 denote, respectively, the PDFs for drawing
the full paths ȳ + x̄suf1 and x̄ + x̄suf2.

5.2 Light Component
To estimate the second integral in Equation 30, our method again
begins by sampling a prefix path x̄. However, unlike the internal
component (Section 5.1), additional care is needed when drawing
this path because the last vertex 𝒙𝐾 now plays a role analogous to
the probe 𝒚 in the internal component. Specifically, we obtain x̄ by
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Ref. Ours (Quadratic) Ours (Linear) DRT (Quadratic) DRT (Linear)

DragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragonDragon

18.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.3318.33 17.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.9617.96 17.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.3417.34 16.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.9916.99

Bunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-CloudBunny-Cloud

30.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.9330.93 30.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.1930.19 26.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.2426.24 25.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.5525.55

TeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapotTeapot

33.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.7933.79 32.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.8032.80 25.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.1925.19 24.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.3424.34

JellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfishJellyfish

36.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.0536.05 35.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.9935.99 30.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.9030.90 30.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.6530.65
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Fig. 5. Reconstruction Results (part 1/2). Comparison of DRT and our method for the linear and quadratic complexity variants. Numbers in the top-right
corner of each image indicate PSNR values (dB) for reference; visual differences, especially in volumetric details, are more indicative of quality. The rightmost
column plots training 𝐿1 loss as a function of optimization time in minutes; the “1e−𝑁 ” above each panel’s y-axis is the shared order-of-magnitude factor for
the tick values. Curves: DRT (quadratic), DRT (linear), Ours (quadratic), Ours (linear). Both of our variants reach a lower training 𝐿1 than the
corresponding DRT variant at every point during optimization. See Fig. 6 for the remaining four scenes.

drawing a full path (𝒙0, . . . , 𝒙𝐾−1, 𝒙⊥𝐾 ) using standard VPT (with
𝒙⊥
𝐾

located on a light source) and then sampling 𝒙𝐾 uniformly over
the last segment 𝒙𝐾−1𝒙⊥𝐾 .

With the prefix path x̄ sampled, we construct a suffix path x̄suf

from 𝒙𝐾 using standard VPT. This yields the segment estimator:

©­«
𝜌 (𝒙suf

0 →𝒙𝐾 →𝒙𝐾−1) 𝑓 ins
𝐾

(x̄ + x̄suf )

𝑝
light
pre 𝑝

light
suf

− 𝑓 out (x̄)
𝑝

light
pre

ª®¬𝜎𝑡 (𝒙𝐾 ), (36)

where 𝑝 light
pre and 𝑝 light

suf denote the PDFs for drawing the prefix path
x̄ and suffix path x̄suf , respectively.

The estimators in Section 5.1 and Section 5.2 are unbiased; we
provide a brief argument in the supplementary material.

5.3 Implementation
We now provide additional details on implementing the estimators
introduced in Section 5.1 and Section 5.2.

Correlated prefix paths. The internal and light prefixes share
𝒙0, . . . , 𝒙𝐾−1 via one VPT pass; only the last vertex differs (𝒙 int

𝐾

by free-flight, 𝒙 light
𝐾

by the boundary procedure of Section 5.2).

Single vs. dual suffix paths. Given the sampled prefix path and
probe point 𝒚, we still need to construct suffix paths to estimate the
internal component. In Section 5.1, we proposed two variants of
this process. Although the single-suffix-path variant is appealing,
we find it nontrivial to implement efficiently on the GPU. First, the
reconnection from 𝒚 to 𝒙suf

0 requires an additional ray traversal
along a different geometric chord for every probe, with branch-
divergent control flow whenever probes terminate at different oc-
cluders. Second, the transmittance ratio in Equation 34 requires
its own null-collision estimator with positions coupled across two
slightly different media queries, introducing a second tightly syn-
chronized tracker inside the inner loop.

We therefore leave efficient GPU implementation of the single-
suffix-path variant to future work and adopt the dual-suffix-path
variant. For better performance, we further employ path-replay
backpropagation [Vicini et al. 2021] to evaluate Equation 35. In
practice, the resulting estimator can be obtained by modifying only
60–70 lines of code on top of an existing DRT [Nimier-David
et al. 2022] implementation, making the technique easy to adopt in
differentiable volume renderers like Mitsuba 3 that already support
DRT.
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Fig. 6. Reconstruction Results (part 2/2). Continuation of Fig. 5 on the remaining four scenes. Column conventions, PSNR overlays, and the training 𝐿1 loss
plots follow the same format.

Linear and quadratic variants. Similar to Nimier-David et al. [2022],
our estimator admits two per-sample complexity variants. The qua-
dratic variant places a probe and evaluates the suffix path contribu-
tion at each segment, accumulating O(𝐾2) work per primal path.
The linear variant selects a single segment by weighted reservoir
sampling, evaluates only that segment’s contribution, and reweights
by the inverse selection probability for unbiasedness, yielding O(𝐾)
work. Both variants are unbiased and differ only in how many seg-
ments contribute per primal path. We implement both and compare
their performance in Section 6.

Amortizing multiple probes. Since our estimators evaluate deriva-
tives only at the probe points (namely,𝒚 for the internal component
and 𝒙𝐾 for the light component), it is desirable to use Λ > 1 probes
to amortize the cost of constructing the prefix paths. However, be-
cause we also need to construct a suffix path for each probe (to
estimate in-scattering at those points), a large Λ can quickly become
inefficient.

To address this issue, we decompose the in-scattering at each
probe into a direct and an indirect component. We then estimate
the direct contribution at all Λ probes, and the indirect contribution
at only one of them (see Figure 8). This direct/indirect split is con-
ceptually related to the decoupled ray-marching strategy of Kulla
[2011], which similarly separates transmittance and in-scattering
evaluation along a segment; here the decomposition controls the

cost of multi-probe gradient estimation rather than forward radiance
estimation.

In practice, we find that Λ = 4 yields strong performance, and it
matches the setting used by Nimier-David et al. [2022], enabling a
fair comparison.

6 Experiments
We demonstrate the effectiveness of our method by comparing it
to DRT [Nimier-David et al. 2022], the state-of-the-art unbiased
extinction-gradient estimator for the differential path integral. We
implement our method and baseline in Mitsuba 3. All experiments
are conducted on an NVIDIA RTX 4090 GPU.

6.1 Validations and Comparisons
1D validation. We first validate the variance reduction of our

method in a synthetic 1D setting. As shown in Figure 9, we consider
a piecewise-linear extinction field 𝜎𝑡 (𝑡) on 𝑡 ∈ [0, 1], and compare
the gradient vectors produced by our method and DRT [Nimier-
David et al. 2022]. Both methods follow the expected Monte Carlo
convergence rate of O(1/𝑁 ), yet our estimator attains an MSE
roughly 6× lower than DRT across all sample counts.

Differentiable and inverse rendering setup. We compare the per-
formance of our method and baselines across 8 different scenes.



10 • Yu, Wang, Ling, Xu, and Zhao
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Fig. 7. Variance andMean Comparison for the Jellyfish Scene. Top row visualizes per-pixel variance and bottom row shows mean values under equal-time
rendering. The lower-right number reports the average value of the slice variance.
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𝒚2
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𝒚4

𝒙suf
0

Fig. 8. Per-segment direct/indirect split inside the dual-suffix-path

estimator (Equation 35). Λ probes {𝒚𝑖 } are drawn uniformly on each
interior segment. Indirect in-scattering is traced once from a single chosen
probe (blue, through 𝒙suf

0 ); direct in-scattering is evaluated at each probe
via a direct-lighting query (rose).

All scenes contain an environment map and a high-resolution het-
erogeneous volume grid. We use Adam for optimization in inverse
rendering. We use Λ = 4 probes per segment in our method and the
same number of points in the transmittance-component estimation
of the baseline methods.

Differentiable rendering comparisons. To directly validate our vari-
ance analysis, we visualize voxel-wise gradient variance of Jellyfish
in Fig. 7; all methods are evaluated with the same volumetric grids.

0 0.5 1
0

2

4

𝑡

0

0.5

1

102 103 104

10−1

10−3

10−5

spp

DRT
Ours

𝜎𝑡 (𝑡 ) 𝐿in (𝑡 ) MSE

Fig. 9. 1D Differentiable Rendering Comparison. (a) A piecewise-linear
extinction coefficient 𝜎𝑡 (𝑡 ) (left axis) and in-scattering radiance 𝐿in (𝑡 )
(right axis), each with 256 parameters. (b) MSE of the extinction gradient
as a function of spp. Our method achieves 6× lower variance through joint
estimation of the extinction gradient.

Compared to DRT, our method reduces extinction gradient vari-
ance by up to 80%, with the strongest reduction occurring in empty
regions where 𝜎𝑡 ≈ 0—explaining the substantial suppression of
floating artifacts observed in reconstructions. Quadratic variants
exhibit lower variance than linear variants for both methods, yet
our method maintains significantly lower variance regardless of
algorithmic complexity, confirming the importance of introducing
negative covariance. The mean gradient values across the 2D slice
spatially match DRT’s, verifying that our estimator remains unbi-
ased.
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Inverse rendering comparisons. We compare our method against
DRT under an equal computational budget of 30–90 minutes of
optimization per scene per method, evaluating both linear- and
quadratic-complexity variants of each. Fig. 5 and Fig. 6 show re-
lighting results across all scenes: our method produces consistently
cleaner empty regions, whereas DRT exhibits noticeable floating ar-
tifacts across different scene types; for some heterogeneous volumes
(Teapot and Bunny-Cloud), our method also recovers finer geo-
metric and appearance details, which we attribute to more accurate
radiance estimation enabled by fewer floating artifacts. Quantita-
tively, both the linear- and quadratic-complexity variants of our
method outperform their corresponding DRT counterparts in PSNR,
and our linear variant often matches or exceeds the reconstruction
quality of DRT’s quadratic variant—suggesting that variance re-
duction via induced covariance is more critical than increasing the
raw sample count. Table 2 reports the full set of equal-time metrics
(PSNR, SSIM, LPIPS, RMSE) for all eight scenes; for mean value, our
quadratic variant is the top performer on every metric.

6.2 Ablation Study on the Number of Gradient Samples
We study how the number of gradient samples Λ per segment af-
fects reconstruction quality. We test on the Dust-Devil and Teapot
scenes under equal-time training, varying Λ while keeping all other
settings unchanged. As shown in Figure 10, PSNR improves mono-
tonically as Λ increases from 1 to 8, with the largest gain from
Λ = 1 to Λ = 2 and saturation beyond Λ = 4. Two factors limit
further gains. First, only the direct-lighting contribution scales with
Λ; the indirect-lighting contribution is evaluated recursively only
once per segment regardless of Λ, so its effective sample count is
bounded above by one. Second, each additional probe adds work
per segment, increasing per-iteration runtime and reducing the
number of optimization steps that fit into the equal-time budget.
Even so, modest sample counts (Λ = 2 ∼ 4) already provide sub-
stantial benefits, and we set Λ = 4 as our default to match DRT’s
transmittance-component sample count for a fair comparison.

7 Discussion and Conclusion
Limitations and future work. Our method assumes physics-based

light transport; non-physical models such as linear transmittance
or emission-only representations fall outside its scope.

Our implementation uses the dual-suffix-path method (Equa-
tion 35) for GPU efficiency. The single-suffix-path variant (Equa-
tion 32) would in principle yield further variance reduction, but its
divergent reconnection ray and tightly coupled transmittance-ratio
tracker break a single-megakernel layout. A megakernel-friendly
implementation of this variant is worth future exploration.

Our per-segment probe averaging (Section 5.3) also carries an
asymmetry: only one probe per segment recursively traces the in-
direct contribution, while the remaining Λ − 1 probes evaluate the
direct contribution alone. Reducing this indirect sampling cost—via
neural radiance caching or hierarchical sample reuse—is another
natural avenue.

Finally, extending sample matching to volume-rendering-based
neural methods (e.g., NeRF and 3DGS) offers a further direction.

Conclusion. We presented sample matching, a principle for dif-
ferentiable volume rendering grounded in a structural observa-
tion about the radiative transfer formulation: differentiating with
respect to extinction produces two components—scattering and
transmittance—on mismatched integration domains that enter the
gradient with opposite signs, inducing a negative correlation that
prior estimators leave unexploited by sampling the two indepen-
dently. To activate this correlation, we derived a reformulation of
the differential path integral that couples both contributions within
a single integrand, and from it obtained an unbiased Monte Carlo
estimator whose scattering and transmittance components share
sample positions by construction. To our knowledge, this is the
first systematic exploitation of the negative correlation inherent to
extinction gradients. Empirically, the resulting estimator reduces
gradient variance by up to 80% and suppresses floating artifacts in
inverse rendering.
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Fig. 10. Ablation Study on the Number of Gradient Samples (Quadratic Complexity). Effect of the number of samples (Λ = 1, 2, 4, 8) on relighting
quality. Numbers denote PSNR values.
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A Detailed Derivations
In what follows, we present detailed derivations for the key results
in Section 4.

A.1 Derivation for Equation 22
In the following, we derive Equation 22 in Section 4.1—a new for-
mulation for Equation 21 that allows the derivatives to be evaluated
at identical locations.

To start, we note that

𝑇 (𝑡) =
∫ 𝑡max

𝑡

𝜎𝑡 (𝑠)𝑇 (𝑠) d𝑠 +𝑇 (𝑡max), (37)

for any 0 < 𝑡 < 𝑡max, since both sides equal the probability that an
exponentially distributed random variable exceeds 𝑡 .

Using this relation, the scattering component of Equation 21 can
be rewritten as∫ 𝑡max

0
𝜕𝜽 𝑣 𝑗 (𝑡)𝑇 (𝑡) 𝑓\𝑗 (x̄) d𝑡

=

∫ 𝑡max

0

∫ 𝑡max

𝑡

𝜕𝜽 𝑣 𝑗 (𝑡) 𝜎𝑡 (𝑠)𝑇 (𝑠) 𝑓\𝑗 (x̄) d𝑠 d𝑡

+𝑇 (𝑡max)
∫ 𝑡max

0
𝜕𝜽 𝑣 𝑗 (𝑡) 𝑓\𝑗 (x̄) d𝑡 .

(38)

We now rewrite the double integral in Equation 38 so that it can
be merged with the transmittance term in Equation 21. To this end,
we swap the names of 𝑠 and 𝑡 , yielding:∫ 𝑡max

0

∫ 𝑡max

𝑡

𝜕𝜽 𝑣 𝑗 (𝑡) 𝜎𝑡 (𝑠)𝑇 (𝑠) 𝑓\𝑗 (x̄) d𝑠 d𝑡

=

∫ 𝑡max

0

∫ 𝑡max

𝑠

𝜕𝜽 𝑣 𝑗 (𝑠) 𝜎𝑡 (𝑡)𝑇 (𝑡) 𝑓\𝑗 (ȳ) d𝑡 d𝑠

=

∫ 𝑡max

0

∫ 𝑡

0
𝜕𝜽 𝑣 𝑗 (𝑠) 𝜎𝑡 (𝑡)𝑇 (𝑡) 𝑓\𝑗 (ȳ) d𝑠 d𝑡,

(39)

where ȳ is identical to x̄ except that its 𝑗-th vertex is 𝒙 𝑗−1 + 𝑠𝝎
instead of 𝒙 𝑗−1 + 𝑡𝝎, and the last equality follows from Fubini’s
theorem.

Substituting Equation 39 back into Equation 38 and combining
with the transmittance term of Equation 21 produces Equation 22.

A.2 Derivation for Equation 28
We now derive Equation 28 in Section 4.1.

To start, we rewrite Equation 27 by reparameterizing the light
vertex 𝒙𝐾 as 𝒙𝐾 = 𝒙𝐾−1 + 𝑡max 𝝎, where 𝑡max is the distance from
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𝒙𝐾−1 to the first surface intersection along 𝝎 ∈ S2:

(𝜕𝜽 𝐼 )𝐾,𝐾 =

∫
𝛀

pre
𝐾−1

∫
S2
𝑣𝐾 (x̄) 𝜕𝜽𝑇 (𝑡max) 𝑓\𝐾 (x̄) d𝝎 dx̄\𝐾

= −
∫
𝛀

pre
𝐾−1

∫
S2

∫ 𝑡max

0
𝑣𝐾 (x̄) 𝜕𝜽𝜎𝑡 (𝑡)𝑇 (𝑡max)

𝑓\𝐾 (x̄) d𝑡 d𝝎 dx̄\𝐾 ,

(40)

where 𝛀
pre
𝐾−1 is the prefix path space defined in Equation 16, and

the last equality follows from Equation 20.
By setting𝒚 = 𝒙𝐾−1 + 𝑡 𝝎 and combining the inner integrals with

respect to 𝝎 and 𝑡 into a single integral over the scene volume V ,
we obtain

(𝜕𝜽 𝐼 )𝐾,𝐾 = −
∫
𝛀

pre
𝐾−1

∫
V
𝐿e (𝒙𝐾 →𝒚) 𝜕𝜽𝜎𝑡 (𝒚)

𝑇 (𝒙𝐾−1 ↔ 𝒙𝐾 )𝐺 (𝒙𝐾−1 ↔ 𝒚) 𝑓\𝐾 (x̄) d𝒚 dx̄\𝐾 . (41)

Relabeling𝒚 as 𝒙𝐾 (and the original 𝒙𝐾 as 𝒙⊥
𝐾

) produces Equation 28.

A.3 Derivation for Equation 30
Substituting Equation 23 and Equation 28 into Equation 14 gives

𝜕𝜽 𝐼 =

∞∑︁
𝐾=2

𝐾−1∑︁
𝑗=1

∫
𝛀𝐾

𝑠 𝑗 (x̄) E 𝑗 (x̄) dx̄ +

∞∑︁
𝐾=2

𝐾−1∑︁
𝑗=1

∫
𝛀𝐾

𝜕𝜽 𝑣 𝑗 (x̄) 𝑓 ins
𝑗 (x̄) dx̄

−
∞∑︁
𝐾=1

∫
𝛀

pre
𝐾

𝜕𝜽𝜎𝑡 (𝒙𝐾 ) 𝑓 out (x̄) dx̄.

(42)

We first rewrite the first sum on the right-hand side:

∞∑︁
𝐾=2

𝐾−1∑︁
𝑗=1

∫
𝛀𝐾

𝑠 𝑗 (x̄) E 𝑗 (x̄) dx̄

=

∞∑︁
𝑗=1

∞∑︁
𝑖=0

∫
𝛀

pre
𝑗

∫
𝛀

suf
𝑖

𝑠 𝑗 (x̄) E 𝑗 (x̄ + x̄suf ) dx̄suf dx̄

=

∞∑︁
𝑗=1

∫
𝛀

pre
𝑗

𝑠 𝑗 (x̄)
( ∞∑︁
𝑖=0

∫
𝛀

suf
𝑖

E 𝑗 (x̄ + x̄suf ) dx̄suf
)

dx̄

=

∞∑︁
𝐾=1

∫
𝛀

pre
𝐾

𝑠𝐾 (x̄)
∫
𝛀

suf
E𝐾 (x̄ + x̄suf ) dx̄suf dx̄,

(43)

where 𝛀
pre
𝐾

is the prefix path space defined in Equation 16, 𝛀suf
𝑖

and 𝛀
suf denote the suffix path spaces defined in Equation 17, and

x̄ + x̄suf denotes the path obtained by concatenating the prefix x̄
with the suffix x̄suf .

We now rewrite the second sum on the right-hand side so that
the derivatives 𝜕𝜽 𝑣 𝑗 (x̄) and 𝜕𝜽𝜎𝑡 (𝒙𝐾 ) are evaluated at identical

locations:

∞∑︁
𝐾=2

𝐾−1∑︁
𝑗=1

∫
𝛀𝐾

𝜕𝜽 𝑣 𝑗 (x̄) 𝑓 ins
𝑗 (x̄) dx̄

=

∞∑︁
𝑗=1

∞∑︁
𝑖=0

∫
𝛀

pre
𝑗

∫
𝛀

suf
𝑖

𝜕𝜽𝜎𝑡 (𝒙 𝑗 ) 𝜌 (𝒙suf
0 →𝒙 𝑗→𝒙 𝑗−1)

· 𝑓 ins
𝑗 (x̄ + x̄suf ) dx̄suf dx̄

=

∞∑︁
𝑗=1

∫
𝛀

pre
𝑗

𝜕𝜽𝜎𝑡 (𝒙 𝑗 )
( ∞∑︁
𝑖=0

∫
𝛀

suf
𝑖

𝜌 (𝒙suf
0 →𝒙 𝑗→𝒙 𝑗−1)

· 𝑓 ins
𝑗 (x̄ + x̄suf ) dx̄suf

)
dx̄

=

∞∑︁
𝐾=1

∫
𝛀

pre
𝐾

𝜕𝜽𝜎𝑡 (𝒙𝐾 ) 𝐼ins (x̄) dx̄,

(44)

where 𝐼ins is defined in Equation 31.
Finally, substituting Equation 43 and Equation 44 into Equation 42

produces Equation 30 in Section 4.2.

B Vector Variance Analysis for Extinction Gradients
Following the main text, we analyze the variance of extinction
coefficient gradients for a single segment for simplicity. Without
loss of generality, we consider the behavior of the extinction gradient
vector along a single ray segment. The extinction coefficients 𝜎𝑡 (𝒙)
are parameterized using a 𝑑-dimensional vector 𝜽 ∈ R𝑑 (e.g., voxel
coefficients). We denote by 𝜃𝑘 the 𝑘-th element of 𝜽 .

Since the extinction gradient is a vector, the estimator can be
decomposed into two vector estimators, denoted as ⟨A⟩ and ⟨B⟩:〈

𝜕𝐿

𝜕𝜽

〉
B

〈(
𝜕𝐼

𝜕𝜽

)
𝐾,𝑗

〉
= ⟨A⟩ + ⟨B⟩ , (45)

where ⟨A⟩ and ⟨B⟩ correspond to estimators for the transmittance
and scattering components, respectively. For the 𝑘-th parameter, we
denote the scalar estimator as:

⟨𝐴𝑘 ⟩ B
〈
𝜕𝐿

𝜕𝜃𝑘

〉
𝑡𝑟𝑎𝑛𝑠

and ⟨𝐵𝑘 ⟩ B
〈
𝜕𝐿

𝜕𝜃𝑘

〉
𝑠𝑐𝑎𝑡

. (46)

B.1 Parameter-wise Stochastic Structure
Due to the sparsity induced by Monte Carlo sampling, the parameter
vector 𝜽 is effectively sparse, with many entries being zero. We can
express the component estimators ⟨𝐴𝑘 ⟩ and ⟨𝐵𝑘 ⟩ as:

⟨𝐴𝑘 ⟩ =
1𝑘,trans
𝑃𝑘,trans

𝑔𝑘,trans, ⟨𝐵𝑘 ⟩ =
1𝑘,scat
𝑃𝑘,scat

𝑔𝑘,scat, (47)

where 1𝑘,· ∈ {0, 1} indicates whether parameter 𝑘 receives a gra-
dient during the backward pass. 𝑃𝑘,trans and 𝑃𝑘,scat are the corre-
sponding sampling probabilities, and 𝑔𝑘,trans, 𝑔𝑘,scat are unbiased
conditional gradient estimators, which give the gradient values
conditioned on parameter 𝑘 being sampled (1𝑘 = 1).
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B.2 Variance Decomposition
The vector variance is usually defined as the trace of the covariance
matrix:

Var
[〈
𝜕𝐿

𝜕𝜽

〉]
B Tr

[
Cov

[〈
𝜕𝐿

𝜕𝜽

〉]]
= E

[



〈 𝜕𝐿𝜕𝜽 〉



2]
−





E [〈
𝜕𝐿

𝜕𝜽

〉]



2
.

(48)
For the dual estimator

〈
𝜕𝐿
𝜕𝜽

〉
= ⟨A⟩ + ⟨B⟩, this decomposes into:

Var
[〈
𝜕𝐿

𝜕𝜽

〉]
= Var [⟨A⟩] + Var [⟨B⟩] + 2Tr [Cov [⟨A⟩ , ⟨B⟩]] . (49)

Using the structure in Equation 47 and 12
𝑘
= 1𝑘 , the individual

variances are:

Var [⟨A⟩] =
𝑑∑︁
𝑘=1

©­­«
E

[
𝑔2
𝑘,trans

]
𝑃𝑘,trans

− (E
[
𝑔𝑘,trans

]
)2ª®®¬ , (50)

and similarly for Var [⟨B⟩].
The coupling term is:

Tr [Cov [⟨A⟩ , ⟨B⟩]] =
𝑑∑︁
𝑘=1

(
E [⟨𝐴𝑘 ⟩ ⟨𝐵𝑘 ⟩] − E [⟨𝐴𝑘 ⟩] E [⟨𝐵𝑘 ⟩]

)
.

(51)
Assuming the conditional estimators 𝑔𝑘,scat and 𝑔𝑘,trans are inde-

pendent given the sample location, let

𝑃𝑘,joint = E
[
1𝑘,scat1𝑘,trans

]
denote the joint sampling probability. Then:

E [⟨𝐴𝑘 ⟩ ⟨𝐵𝑘 ⟩] =
𝑃𝑘,joint

𝑃𝑘,scat 𝑃𝑘,trans
E

[
𝑔𝑘,trans

]
E

[
𝑔𝑘,scat

]
. (52)

Substituting into Equation 51 yields:

2Tr [Cov [⟨A⟩ , ⟨B⟩]]

= 2
𝑑∑︁
𝑘=1

(
𝑃𝑘,joint

𝑃𝑘,scat 𝑃𝑘,trans
− 1

)
E

[
𝑔𝑘,trans

]
E

[
𝑔𝑘,scat

]
.

(53)

B.3 Sample Matching for Maximum Correlation
Proposition B.1. The absolute value of the coupling term Equa-

tion 53 is maximized when both estimators are evaluated at identical
sample locations, i.e., when 𝑃𝑘,scat = 𝑃𝑘,trans = 𝑃𝑘,joint = 𝑃𝑘 for all 𝑘 .

Proof. The coupling coefficient 𝑃𝑘,joint
𝑃𝑘,scat 𝑃𝑘,trans

is maximized when
𝑃𝑘,joint is maximized. For fixed marginals 𝑃𝑘,scat and 𝑃𝑘,trans, the
joint probability satisfies 𝑃𝑘,joint ≤ min(𝑃𝑘,scat, 𝑃𝑘,trans). Equality
occurs when both sources sample identical locations: 1𝑘,scat =

1𝑘,trans almost surely, which yields 𝑃𝑘,joint = 𝑃𝑘,scat = 𝑃𝑘,trans = 𝑃𝑘 .
This gives 𝑃𝑘,joint

𝑃𝑘,scat 𝑃𝑘,trans
= 1
𝑃𝑘

, the maximum achievable value. □

Our samplematching strategy enables 𝑃𝑘,scat = 𝑃𝑘,trans = 𝑃𝑘,joint =
𝑃𝑘 for all 𝑘 , which maximizes the absolute value of the coupling

term. Then the total variance becomes:

Var
[〈
𝜕𝐿

𝜕𝜽

〉]
= Var [⟨A⟩] + Var [⟨B⟩]

+ 2
𝑑∑︁
𝑘=1

(
1
𝑃𝑘

− 1
)
E

[
𝑔𝑘,trans

]
E

[
𝑔𝑘,scat

]
.

(54)

Since E
[
𝑔𝑘,trans

]
< 0 and E

[
𝑔𝑘,scat

]
> 0 (opposite signs), the

coupling term in Equation 53 reduces overall variance, especially
for a high-resolution volume representation where 𝑃𝑘 is small.

In contrast, for DRT [Nimier-David et al. 2022], the coupling term
vanishes:

Tr [Cov [⟨A⟩ , ⟨B⟩]] = 0. (55)
Consequently, the total variance of the DRT estimator is sim-

ply the sum of individual variances Var [⟨A⟩] + Var [⟨B⟩]. Without
the variance reduction benefit from the negative coupling term in
Equation 54, the estimator suffers from severe noise.

It is worth mentioning that our analysis does not impose any
restriction on the specific parameterization of the extinction field
𝜎𝑡 (𝒙). While our experiments primarily adopt a voxel-grid repre-
sentation, the derivation is agnostic to the particular interpolation
scheme of the voxel grid and can extend to alternative volumetric
representations beyond voxel grids.
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