Sample Matching for Joint Extinction Gradient Estimation in
Differentiable Volume Rendering: Supplementary Material

This supplementary document gives an RTE-centric tour of our
theory in the main paper and an unbiasedness proof for estimators
in the path space.

1 An RTE-Centric View of Sample Matching

The main paper splits paths into prefix and suffix to expose the
segment structure for derivatives. With the language of the radiative
transfer equation (RTE), the segment can be directly exposed and
handled. The contribution of path measure will be turned into a
product containing throughput and in-scattering radiance.

1.1 Volumetric Light Transport along a Single Ray

In volume rendering, light transport is modeled as the interaction be-
tween light and microscopic particles distributed throughout space.
Our work focuses on scattering and absorption between light and
microscopic particles. For heterogeneous media, these interactions
are usually characterized by spatially varying albedo a(x) and ex-
tinction coefficient o;(x), where x denotes a spatial position. A
camera ray with origin x¢ and direction w is parameterized as
x(t) = x0 + t w, where t > 0 represents the distance along the ray.

The extinction coefficient induces attenuation along the ray, quan-
tified by the transmittance

T(t) = exp(— /Ot ot (s) ds) . 37)

The transmittance T(t) represents the fraction of radiance originat-
ing at x(t) that reaches xo without being absorbed or scattered.

Using the integral form of the radiative transfer equation (IRTE),
also known as the formal solution of the RTE [Chandrasekhar 1960],
and considering only scattering and absorption, the radiance accu-
mulated along a ray can be written as

tmaX
L(x0, ) = /O T(t) 00 (1) () Ly (1), ~0)

+ T(tmax) Lo(x(tmax), _w),

(38)

where tmax denotes the distance to the nearest boundary intersection
along the ray. Here, L(xo, —®) represents the outgoing radiance
at x in direction w, and Lo (x(#max), —@) denotes the outgoing
radiance at the boundary.

The in-scattered radiance Ls(x, ws) accounts for light arriving at
x from all directions @’ and scattered toward ws:

Ls(x, ws) :/ L(x, ") p(0’ - ws; x) do’, (39)
SZ

where p(w’ — ws; x) denotes the phase function describing scatter-
ing from direction @’ to ws at x. Note that Ly is the integral for L and
accounts for multiple bounces of light transport paths which need
recursive computation. This generates a light path x = {xy, ..., xg}
from the camera into the scene, where each x; is a scattering event
position, also serving as a path vertex.

Sampling interaction distances. Efficient Monte Carlo evaluation
of volumetric light transport requires careful sampling of the dis-
tance t at which scattering events occur along a ray. An efficient
sampling strategy draws ¢ from the PDF

p(t) < T(t) o1 (1), (40)

commonly referred to as free-flight sampling. In homogeneous me-
dia, this distribution admits an analytic inverse-CDF and can be
sampled exactly. In heterogeneous volumes, however, direct sam-
pling becomes non-trivial due to the spatially varying extinction
coefficient. Delta tracking [Butcher and Messel 1958; Woodcock et al.
1965] addresses this challenge by introducing a majorant extinction
coefficient and simulating a sequence of null-collisions, which al-
lows free-flight distances to be sampled without explicitly inverting
the heterogeneous transmittance.

1.2 Differential Radiative Transfer Equation

Prior works including those by Zhang et al. [2019] and Nimier-David
et al. [2022] derived the derivative of the above formulations with
respect to a parameter. In this work, we handle the differentiation of
the RTE with respect to extinction coefficients o; (x) parameterized
using a finite-dimensional vector 6 (e.g., voxel coefficients). We
denote by 0y the k-th element of 6.

Applying the product rule of differentiation to Equation 38, the de-
rivative ;—eLk decomposes into three components as follows. The first
one—which we refer to as the scattering component—corresponds

to differentiating the product directly related to the extinction coef-

ficient:
oL [ e 9o (1)
(99k)scat_/o T(t) Ls(t) a(t) 20 dt. (41)

The second component results from differentiating the transmit-
tance. We refer to this as the transmittance component:

oL 3 Lna 0]
(E)nans_/o T(t) or (t)a(t) Ls(t) (—/0 20, ds) dt

+ T (tmax) (_ '/O'tmax aggj) ds) Lo(tmax). (42)

Note that it generates a nested integral that requires sampling an
additional position s along the segment for Monte Carlo estimation.

The third component arises from the changes in the in-scattering
radiance:

( 0 ) - /‘mﬂx T(1) or(t)a(t) ALs(t) 4. (43)
radin 0

e 90
There remains a radiance at the boundary Lq (fmax) to be considered.
We assume that once a ray reaches the boundary of the medium, it
exits the bounding box and does not re-enter. Besides, we assume
boundary illumination (e.g., environment map lighting or emitters)
is known. Under this assumption, L, (tmax) is independent of the
optimized extinction parameters 6.



As Ly is defined as an integral over the radiance L (Equation 39),
differentiating it with respect to 8 induces the same product-rule
decomposition on subsequent ray segments, yielding terms struc-
turally identical to Equation 41-Equation 43. Due to this recursive
structure, we can focus our derivation on the scattering and trans-
mittance components of gradients (Equation 41 and Equation 42)
for a single segment without loss of generality.

1.3 Free-Flight and DRT Estimators

In practice, gradient estimation with respect to a scene parameter
Oy is carried out along the light path ¥ = {xo,...,xx} sampled
during forward volume rendering described in Section 1.1. Under
this formulation, both the radiance estimator and its corresponding
gradient estimators rely on the same sampling distribution Equa-
tion 40.

This PDF naturally handles the in-scattering radiance term (Equa-
tion 43), yielding the estimator:

L aLs(t)
<@>mdin “ . (*4)

To simplify the following derivation, we introduce the notation
function h(t), which encapsulates both volumetric in-scattering and
boundary radiance:

o = {0

Using the above free-flight sampling PDF, the ray undergoes no
interaction along the segment and exits the medium with proba-
bility T (¢max). Under this sampling distribution, the estimator of
Equation 42 becomes:

min (¢,¢max )
<%> = _h(t) / a%(s) ds. (46)
kI trans 0 k

t < tmax,

45
t > tmax- (49)

Both estimators (Equation 44 and Equation 46) are unbiased. The
scattering estimator under the same free-flight PDF, however, has
two issues.

First, as observed by Nimier-David et al. [2022], the scattering
gradient estimator is biased:

20 L(1) a(t)

< oL > 3
90y scat o1 (1)
since the sampling probability vanishes in regions where o4(t) = 0
but the integrand may still be nonzero. Moreover, when o; (t) # 0,
the division by o;(t) leads to a rapid increase in variance in regions
of low extinction, resulting in extremely noisy gradient estimates
in practice.

The second issue is that the scattering and transmittance compo-

, (47)

nents evaluate % at different positions on the same segment: the
scattering term at the segment endpoint ¢, the transmittance term
at an interior point s € [0, t]. Both terms probe the same extinction
field along the same ray, but at uncorrelated points, so any statistical
coupling between them is left unexploited.

Nimier-David et al. [2022] address the first issue by decoupling
the sampling strategy for the scattering component (Equation 41).
Instead of sampling from T(t)oy (t), they use Ratio Tracking [Novak

et al. 2014] to generate the transmittance distribution T(t), and
Equation 41 is evaluated using samples drawn from

porr () o« T(1), (48)

which removes the problematic division by o (). Under this choice,
the resulting Monte Carlo estimator of Equation 41 becomes

<£> =290 e, (49)
scat

0 0

which is unbiased and significantly reduces variance for the scatter-
ing component on its own.

The second issue, however, has never been recognized or ad—
dressed: the scattering and transmittance components evaluate 2 ae
at different positions most of the time, leaving negative covariance
unexploited. Forcing them in the same evaluation position is non-
trivial, since the marginal PDF of transmittance gradient samples is
not available in closed form and the two components are defined
over different integration domains.

1.4 Joint Reformulation as a Nested Integral

We aim to derive a single joint estimator for the extinction gradi-
ent ;—eLk within each ray segment (x;_1, x;) to utilize the potential
negative correlation between the scattering and transmittance com-
ponents. Unlike Nimier-David et al. [2022], which decouples the
estimations of Equation 41 and Equation 42 using different impor-
tance sampling methods, our formulation merges them into a single
integral as follows.

At this stage, Equation 41 remains a single integral, whereas Equa-
tion 42 involves a nested integral over the domain s < ¢. To align
their integration domains, we leverage the fundamental identity
derived from the definition of transmittance (Equation 37):

tmaX
T(s) = T(tma) = f ot (DT(1) dr. (50)

After rewriting Equation 41 as the integral over s:

A at( ),
(@)scm —‘/0 T(s) Ls(s) a(s) ds, (51)

we can substitute T(s) above with Equation 50. Then Equation 51
can be expanded into a nested integral combined with a boundary
term:

30t(3)

tmax
/0 T(8)a(s) L(s) 2L

3 / Fmax 80t($)
o 90y

+T(tmax)/ a(s) Ls(s) ——

/ or()T(t)a(s) Ls(s) dt| ds
s (52)
96t(5)

boundary term

Equation 52 and Equation 42 now share similar forms, which
allows us to merge them into a single joint formulation. However,
the nested integral parts still have different integral limits. Applying
Fubini’s theorem to Equation 52 over the domain {(s,¢) | 0 < s < t}
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yields:

/tmdx doy(s) / or(H)T(t)a(s) Ls(s) dt ds
0

/tmax/ t() t(t)T(t)a(s)LS(s)dsdt' (53)

Finally, we can merge Equation 52, Equation 53 and Equation 42,
leading to the joint formulation:

t(s) ds di

tmax
/ / or (1) T(1) [a(s) Ls(s) — a(t) Ls(1)]
z( )

tmdx
#Tltm) [ [ 106 129 = Lot ] 25 05) . (59
0
Equation 54 contains a nested integral over the triangular domain
{(s,t) | 0 < s < t}. In principle, this structure permits joint sam-
pling of the pair (s, t) using an arbitrary joint PDF p(s, t), yielding:

i =E [<i>] X (55)
s Ok | 1 (s,t)~p(s,t)

However, the light path for our method is pre-sampled. Under the
path-construction setting described in Section 1.1, the sampling PDF
of t is fixed and its marginal PDF is given by Equation 40. According
to the definition of transmittance, when sampling the distance ¢
with this PDF, the boundary event t > tmax occurs with probability
T (tmax), corresponding to the case where no scattering event occurs
before the ray exits the segment boundary. Similar to Equation 46,
and using the notation defined in Equation 45, the estimator of the
extinction gradient can be written as:

. min(£tmax) ge, (s)
<ae > [h(s) = h(1)] / e

Only the PDF of s remains to be specified, which we denote
as the conditional PDF p(s | t), defined on the interval [0, t]. For
simplicity of implementation, we choose a uniform distribution over
the segment interior:

p(s|t)=- 0 < s < min(t, tmax)- (57)

It yields the estimator:

<%>=min(t,tmax) [h(s) — h(t)] 22t 8crt(s) 69
k

Discussion. Equation 58 defines our final gradient estimator for
the extinction coefficient within a single ray segment. Unlike prior
work that decouples the extinction gradient into separate transmit-
tance and scattering components, our formulation naturally yields
a single joint estimator which aligns with physical intuition. While
Nimier-David et al. [2022] handles bias by changing the PDF of the
scattering component, our estimator is unbiased by construction:
the sampling distribution has full support over the integration do-
ag‘(s) # 0 can be

main [0, tmax|, ensuring that all regions where
sampled with non-zero probability.

1.5 Connection to the Path-Space Formulation

The estimator above is segment-level; Section 4 surfaces the same
structure path-by-path. The triangular domain {(s, )} corresponds
to the line segment X;_1 x; on which the per-segment integrand
&j in Equation 25 is integrated over (xj,y), and the two cases of
h in Equation 45 correspond respectively to fjins (Equation 24) on
interior segments and to f°U (Equation 29) on the host segment
terminating at a light source.

2 Unbiasedness of Our Estimators

Internal estimators (Equation 32, Equation 35). Both take the form

llxx — xk-1ll
pmt

suf

900t (y) (01 (xk) p(xy" —y—xK-1)

sk () fig (7 + 550 - fFx+55). (59)

Expanding the measurement contribution and the path-tracing PDF,

K-1 K
F& = Wele- [ | or(x)) plxjm—xjonjon) - [ [s5(%), (60)
j=1 j=1
. K
P o« [ [or(x)) T(xj1 o)), (61)
j=1

(the latter times bounded angular factors and the strictly positive
probe-resampling PDF), every o;(x;) that appears in the denomi-
nator also appears in the numerator: the x1, ..., xg_1 factors come
from f in the second term and from fix in the first; the missing
ot (xg) is supplied by the explicit multiplier in front of the first
term and by the K-th vertex factor inside f for the second. The
bracket therefore vanishes whenever p™ does, and after cancella-
tion the estimator reduces to a bounded combination of albedos. It
is unbiased.

Light estimator (Equation 36). Substituting f;g‘s (Equation 24) and
fOut (Equation 29) and pulling the common sk (%), T(xg < xIJ%),
and o;(xg) factors outside the bracket, Equation 36 reads

Pl sxxoxg—1) xR+ M) Le(xg—a) fix (%)
light light light
pre. Fsuf pre

- sk (%) T(xg © xg) o1 (xk).  (62)

Ak (%) and fig(x + gsuf) are f (Equation 60) with the K-th ver-
tex/segment factors removed, so they carry Hﬁ.:ll o (xj) T(xj-1 >
x;) along the prefix and an additional [] oy T chain along the suf-

fix in the first term, matching the corresponding o; T products in

pgrggl " and phght The trailing s (%) T(xg < xIJ%) ot (xx) is exactly

the host-segment contribution that the notation split off, so the
numerator’s o structure cancels the PDF completely. The integrand
therefore vanishes when the PDF is 0, and the light estimator is
unbiased.
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